Effect of Averaging Timescale on a Forced Lorenz Model
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ABSTRACT  The effect of temporal averaging on the forced Lorenz model is studied. It is shown that the duration
of temporal averaging affects the regime structure. When temporal averaging is increased beyond the fast
timescale of the Lorenz model, regime splitting takes place. The increase in the predictability of the system with
an increase in moving time average steps is quantified. Our findings from a conceptual forced Lorenz model are

consistent with real world observations.

RESUME  [Traduit par la rédaction] On étudie I’effet du moyennage temporel sur le modéle de Lorenz forcé. On
montre que 1’étendue du moyennage dans le temps a un effet sur la structure du régime. Quand le moyennage
temporel est augmenté au-dela de I’échelle de temps rapide du modeéle de Lorenz, il se produit une séparation de
régime. On quantifie I’augmentation de prévisibilité du systeme en fonction de I’augmentation des pas de
moyennage temporel mobiles. Nos résultats a partir d’'un modeéle de Lorenz conceptuel forcé correspondent aux

observations du monde réel.

1 Introduction

Typically, weather and climate datasets consist of time- and
space-averaged values of continuous variables. Many investi-
gators have studied the influence of time averaging in weath-
er and climate studies. Teng et al. (2004) studied the effects
of different temporal averaging timescales on the regime
structure of the extratropical northern hemisphere in reanaly-
sis data and in a global climate model and showed that
temporal averaging can significantly change the regime struc-
ture when the averaging timescale is considerably longer than
the intrinsic regime residence time. They concluded that there
is a need to consider carefully the averaging timescales used
in diagnostic studies of the non-Gaussian structure of climate
data. While some averaging is generally necessary to sup-
press noise, too much averaging can significantly change the
structure of the atmospheric data.

Yuval and Hsieh (2002) demonstrated that non-linear
empirical relations between different variables tend to
become multivariate normal as the averaging duration
increases.

*Corresponding author’s e-mail: dwivedisuneet@rediffmail.com

Despite the fact that there is a theoretical limit of about two
weeks beyond which it would be impossible to predict the
state of the atmosphere (Lorenz, 1982), skilful longer-range
predictions of seasonally averaged rainfall have been suc-
cessfully made (Gowarikar et al., 1991). The existence of
lower boundary forcings such as sea surface temperature
(SST) and averaging have been advanced as possible expla-
nations for this increased predictability (Charney and Shukla,
1981; Shukla, 1981, 1998; Shukla and Paolino, 1983; Palmer
et al., 1992).

According to Shukla and Fennessy (1988), the limit of
deterministic predictability of about two weeks, based on
classical predictability studies, does not apply to the pre-
dictability of the space-time averages, because the former
refers to the predictability of the instantaneous flows whereas
the latter refers to the average properties of the flow.

However, when available data is scarce, a problem with
simple averaging is that it leads to a drastic reduction in the
amount of data available for analysis. M step averaging of a
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climate dataset of length N will reduce the size of the dataset
to N/M. This problem may be overcome by using moving
time averages because as well as having nearly the same gross
features as simple time averaging, the size of the dataset
remains nearly the same. This means that all the advantages
of time averaging can be retained while the length of the
available dataset (information) remains almost the same.

Palmer (1994) introduced a conceptual forced Lorenz
model to explore the effects of lower boundary forcings such
as SST on seasonally averaged rainfall. The ‘forcing’ term in
Palmer’s model corresponds to the tropical Pacific SST
anomaly and the two wings of the Lorenz butterfly represent
the quiet and active monsoon periods. The forced Lorenz
model, as a conceptual model of the atmosphere, has been the
subject of several studies (Palmer, 1993, 1994, 1998; Corti et
al., 1999; Pal and Shah, 1999; Mittal et al., 2003, 2005; Mehta
et al., 2003; Yadav et al., 2005).

Pal and Shah (1999) presented some interesting results
about sliding averages of the forced Lorenz model in order to
explore the predictability of time averages beyond the pre-
dictability limit of instantaneous values. These results need to
be explored further in a quantitative manner. In this paper we
investigate how the largest Lyapunov exponent, information
entropy and the autocorrelation function vary with the mov-
ing average time and with forcing. We have also applied non-
linear principal component analysis (NLPCA) and calculated
the fraction of explained variance (FEV) from the first non-
linear mode.

It is also shown here that with an increase in moving aver-
age steps, the attractor shrinks. Therefore, the prediction error
will become saturated near the overall size of the attractor
(Kennel et al., 1994). The smaller the size of the attractor, the
smaller the saturation error will be and therefore there will be
greater predictability.

Section 2 briefly describes the basic concepts regarding
these quantification measures. Section 3 describes the
methodology and results.

2 Basic concepts

a Largest Lyapunov Exponent
The largest Lyapunov exponent is defined by

n
Ay =lim,,_,, (1/n7) Y In|d, /d;_,| (1)
k=1

where d,, and d, represent, respectively, the distance between
nearby trajectories in the phase space at the initial time and at
time kt. The larger A, is, the lower the predictability is. The
Lyapunov exponent is a measure of the average rate at which
nearby trajectories converge or diverge in the phase space i.e.,
it describes the average rate at which the predictability is lost.
The Lyapunov exponent quantifies time-averaged pre-
dictability by measuring the mean rate of growth of small per-
turbations on an attractor. The Lyapunov exponent from
meteorological time series and from low order models has
been estimated by several authors (Zeng et al., 1992; Nese
and Dutton, 1993; Yoden and Nomura, 1993).

b Entropy
Shannon entropy, the amount of information required to spec-
ify the state of the system (Sprott, 2003), is defined as

Sg ==, FlogP, )

where P; is the probability of the state i.

If there are N points on the attractor with N; of them in a
cube i then P, = N, /N. For a periodic system, entropy is
always zero and for a chaotic system it has a positive (large)
value. As entropy decreases, the predictability of the system
increases.

The inverse of entropy estimates the time in which pre-
dictability is lost. Entropy has been used as a statistical mea-
sure in predictability studies of atmosphere and climate
(Carnevale and Vallis, 1983; Kleeman, 2002; Schneider and
Griffies, 1999; DelSole, 2004).

¢ Non-linear Principal Component Analysis (NLPCA)
Kramer (1991) proposed a neural network-based NLPCA
technique to obtain a low-dimensional approximation of the
given dataset. Principal component analysis only allows lin-
ear mappings between x (the dataset) and the principal
component; NLPCA allows non-linear mappings. An auto-
associative feed forward neural network, which contains three
hidden layers of neurons between the input and output layers
of variables is used to perform NLPCA. The NLPCA tech-
nique has been widely used in meteorology to derive the dom-
inant patterns of variability (Hsieh, 2004 and references
therein).

d Autocorrelation Function
The autocorrelation function G(k), defined as

3 (%, - () (%, - ()

Gk) == : 3)

Nz:(xn—<x>>2

measures how strongly, on average, each data point is corre-
lated with one k steps away. The value of k at which G(k) falls
to 1/e =37% is called the correlation time, T . The autocorre-
lation function is symmetric about k = 0 and so the quantity,
21, measures how much memory the system has. The recip-
rocal of this quantity, 0.5/t_, gives an estimate of the average
rate at which predictability is lost (Sprott, 2003).

3 Methodology and discussion
Palmer (1994) modified the Lorenz model (Lorenz, 1963) to

dxldt = —ax + ay + F,
dyldt=—xz+rx—y +F, @
dzldt =xy —bz + F,

where a = 10, b = 8/3 and r = 28. This forced Lorenz model
has been investigated for F =aF, Fy =-F, FZ =0 as this case
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Fig. 1  Change in the shape of the Lorenz attractor for sliding average time steps 40, 120, 200 respectively (from top to bottom) and for fixed forcing values

F.=aF, Fy =—F for F =0 (left panels) and F = 1.5 (right panels).

provides a simplified mathematical analysis (Mittal et al.,
2003, 2005).

A sliding average applied to the output from the forced
Lorenz model reveals interesting results when we vary the
averaging steps and apply forcing at the same time. Figure 1
shows the changes in the shape of the Lorenz attractor for
F=0and F = 1.5 when the number of time steps is increased.
If F is greater than a critical value, F, (nearly equal to 1.65),
the attractor becomes a fixed point (Mittal et al., 2005). We
have chosen F = 1.5, a value slightly less than F o in order to
have a pronounced forcing effect while retaining the bimodal
character of the Lorenz model. We observe that there is little
forcing effect on the shape of the attractors, however, as

shown in Mittal et al. (2005); the probability of occupancy of
the two wings of the unaveraged Lorenz attractor changes
with forcing F. Figure 2 shows the probability, p,, of occu-
pancy of the positive regime as a function of F. In this figure
the dots indicate the average value of p, obtained from an
ensemble of ten randomly chosen initial conditions. The error
bars indicate the standard deviation of these values.

With an increase in the number of averaging steps the
attractor splits into more regimes and occupies a smaller
region in the phase space. This suggests an increase in pre-
dictability with both forcing and moving average steps, in one
case due to a change in the probability distribution function
and in the other due to the shrinking of the attractor. We have
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Fig. 2 Plot of probability (p,) in x > 0 half space of the forced Lorenz model versus the forcing parameter F (F, = aF, F y=—F).
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Fig.3  Plot of largest Lyapunov exponent (A,) versus moving (sliding) average time steps for a fixed value of forcing F, = aF, F, = —F for F=0and F = 1.5.

applied the techniques of non-linear dynamics, namely, the tics of attractors. We find that the effect of forcing on pre-
largest Lyapunov exponent, Shannon entropy, NLPCA and dictability is small compared to that due to averaging.

the autocorrelation function in order to explore the changes in The largest Lyapunov exponent (A,) of the time series of
predictability. These quantities provide useful information variable x obtained by numerical integration of Eq. (4) for a
about the phase space structure and predictability characteris- time step of 0.01 was determined using Wolf et al.’s (1985)
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Fig. 4 Plot of Shannon information entropy of the forced Lorenz attractor versus moving (sliding) average time steps for fixed values of forcing F = aF,

F,=-F,F=0and F=15.
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Fig. 5 Plot of loss in predictability (0.5 /t.) versus the moving average steps for F =0 and F = 1.5.

algorithm as a function of averaging steps for fixed forcing
values F.=aF, Fy =—F for F =0 and F = 1.5, respectively.
A, as a function of averaging steps for fixed forcing values is
calculated for ten different initial conditions. The ensemble
averaged A, with error bars (standard deviation of the ensem-
ble mean) is plotted as a function of averaging steps for F =0

and 1.5 in Fig. 3. It seems that the effect of forcing on the
largest Lyapunov exponent is small.

Shannon entropy was computed using the technique dis-
cussed in Section 2b. The ensemble average over ten initial
conditions is shown in Fig. 4 as a function of averaging steps
for fixed forcing values F' = 0 and 1.5. The wave structure
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Fig. 6 Plot of the unpredictability measure u(k) versus the prediction time steps, k, for different moving average steps, m.
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Fig. 7 Plot of the fraction of explained variance (FEV) of the first non-linear principal component of the forced Lorenz attractor versus the moving average time

steps for fixed values of forcing, F, = aF, Fy =—Ffor F=0and F=1.5.

found in Fig. 4 is quite intriguing. The period of the wave is
about 80 time steps. The Lorenz model has two characteristic
timescales: (i) a timescale corresponding to a typical cycle
about one of the unstable fixed points (50-70 time steps) and,
(ii) a regime residency timescale (about 160 time steps). The
wave timescale is slightly greater than the cycle timescale.

With an increase in moving average steps, the correlation
time, T,, increases and therefore predictability increases. The
loss of predictability (0.5/t,) ensemble averaged over ten ini-
tial conditions as a function of moving average steps is shown
in Fig. 5 for F =0 and 1.5.

Let the true and measured states of a dynamical system at
t = 0 be denoted by x,, and x; respectively. Then £, = Ilx,, — x|l
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is the initial error. Let the true and predicted states at time
t, = kT using the dynamical evolution law be x, and x; respec-
tively. The error in prediction will be g, = llx, — xIl and it
clearly depends on x, €, and the dynamical evolution law. An
appropriate measure of the unpredictability of the state x,, at
time 7, will be u(x, k) = log, (g,/¢,). This value averaged over
the different initial states, x, of the attractor gives a measure
of the unpredictability, u(k), of the system k time steps in
advance. The smaller the attractor, the smaller is the expec-
tated value of €, and therefore of u(k), and the greater the pre-
dictability.

We used the algorithm given in Parlitz (1998) to estimate
the unpredictability, u(k), of the moving averaged Lorenz sys-
tem for different averaging time steps, m. The results are sum-
marized in Fig. 6 which shows that the unpredictability
measure, u(k), decreases with increasing m. Thus, increasing
the length of the averaging window leads to greater pre-
dictability due to a smaller attractor size.

NLPCA determines a non-linear mapping from the data to
a low-dimensional manifold embedded in the data space, so
as to minimize the mean square error (MSE) between the data
and its image. In this way NLPCA provides a low-dimen-
sional approximation to the given data. A measure of the
validity of this approximation is the FEV. It can be made
arbitrarily close to its maximum value of unity by the appro-
priate choice of a neural network. However, such a network
will only be useful if it gives a good representation for data
that were not used in training the network. If this is not the
case, the network is said to be overfitted.

To avoid the problem of overfitting, some of the data are
used for optimizing the weights of the neural network and the
remaining data are used for testing this network. During the
optimization process it is common to monitor the MSE for the
training data and for the test data separately. As the number
of iterations of the optimization algorithm increases, the MSE
calculated for the training data decreases; however, beyond a
certain number of iterations the MSE for the test data would
begin to increase, indicating the start of overfitting and hence
the appropriate time to stop the optimization process. If the
MSE for the test data is greater than that for the training data,
the neural network is not included in the ensemble of neural
networks from which the best neural network is chosen. The
best neural network is the one that minimizes the MSE for all
the data.

We used the NLPCA technique of Hsieh (2004), which is
based on Kramer (1991) and obtained the FEV of the forced
Lorenz model for fixed forcing values F = 0 and F' = 1.5 with
an increase in averaging steps. This is shown in Fig. 7, where
with the increase in the number of averaging steps, the FEV
of the first non-linear principal component mode increases
from 75% (0 averaging steps) to nearly 97% (280 averaging
steps) for F = 0, which is further increased in the case of
F=1.5. An increase in FEV means that more variance is cap-
tured in a single non-linear mode suggesting that the system
is easier to predict with an increase in averaging steps and an
increase in forcing.

It should be noted that the FEV statistic from NLPCA as a
measure of predictability is of a different nature than pre-
dictability measures based on error growth rate. The latter
assume that the evolution law of the system is perfect and the
unpredictability arises due to errors in the initial conditions.
The former measures the extent to which it is possible to
model the observed time series by a deterministic system. The
evolution of any meteorological variable is governed by a
large number of intractable influences. However, in some
cases the evolution may be primarily governed by a few caus-
es, the intractable influences leading to stochastic variability.
In such cases a few non-linear modes may be expected to
explain a large fraction of the variance and one may model
the system by a deterministic dynamical system representing
these few modes. Let x(f) denote the state of the entire system
at time 7 and x, () be its projection on these few modes. Given
a sufficiently fong series of values of x , it is possible to pre-
dict values using the algorithm of Farmer and Sidorowich
(1987). The lower the dimension of x_, the better this
algorithm works and the greater the prediction time.
Therefore, x, may be regarded as a predictable part of x and
the fraction of variance it explains as a measure of pre-
dictability.

One may treat the time series obtained by adding random
noise in the range [-1 1] to the output from a Lorenz model,
as a conceptual representation of an experimentally measured
time series from an unknown dynamical system and find that
it can be modelled by a single non-linear mode, which
explains a large fraction of the variability of the output. The
larger the FEV explained by this mode, the better the pre-
dictability.

A trajectory x(t,), t, =nt,n=1, 2,...., N + k, N = 1000,
k=2,4, 6,8, 10 on a noisy Lorenz attractor, was projected to
xp(tn) on the dominant non-linear principal component mode
by using an auto-associative feed forward neural network. For
this projected trajectory, using the technique of Farmer and
Sidorowich (1987), predictions were made with a forecast
lead time, kT, and the predicted trajectory denoted by
xpp(tn > 1=1,2,.., N. A measure of the prediction error at
lead time k7 is given by

N 172

e(k)= % 2 {xpp (k)= % (1 )}2

n=1

This error is normalized by the standard deviation of x(f) to
give the normalized prediction error, E(k).

A moving time-averaged series, x<">(¢,), with an averag-
ing window of length m was obtained from the output of the
Lorenz model. This was projected to x p<m>(tn) on the domi-
nant non-linear principal component mode and predictions
were made from this projected series by the Farmer and
Sidorowich (1987) algorithm. The prediction error,

LN ) 1/2
e~ (k)= N Z {xl’P<m> (tn+k )_ X< (tn+k )}

n=1
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Fig. 8 Plot of normalized prediction error E<"">(k) as a function of prediction time steps, k, for different moving average steps, m.

was normalized by the standard deviation of x<>(¢) to obtain
the normalized prediction error, E<">(k). Plots of E<">(k) as
a function of k for different values of m are shown in Fig. 8.
It is clear from this figure that as m increases, the prediction
error decreases and therefore predictability increases.

It may be mentioned that there is another sense in which
FEV is connected to predictability. Larger FEV means greater
correlation between the different variables of the system, so
that measurement of some of the variables at some time may
be used to predict the values of the remainder of the variables
at the same time.

We find that as the length of the moving average window
is increased there is a decrease in the largest Lyapunov expo-
nent, the Shannon entropy and the unpredictability measure
and an increase in the correlation time and FEV of the first
nonlinear principal component of the moving time-averaged
forced Lorenz model. Each of the quantitative measures
investigated suggests an increase in predictability with an
increase in the moving average step size as well as with an
increase in forcing.

4 Conclusions

With an increase in the sliding time-averaged step size as well
as with an increase in forcing, the attractor splits into more
regimes and occupies a smaller region in the phase space. The
smaller the size of the attractor, the smaller the saturation
error (Kennel et al., 1994) and therefore the greater the pre-
dictability.

The change in predictability with averaging time step dura-
tion and forcing has been quantified by calculating the largest

Lyapunov exponent, Shannon’s entropy, the FEV of the first
non-linear principal component, and the autocorrelation func-
tion (loss in prediction) of the moving averaged forced
Lorenz model. All the calculations suggest that predictability
increases with the increase in moving average time steps, and
it is further increased when forcing is applied, however, the
effect of forcing is small compared to the effect of averaging.
The increase in predictability observed here is in agreement
with the suggestions of Shukla (1984) and Shukla and
Fennessy (1988) that including the effects of the boundary
conditions at the Earth’s surface has the potential to enhance
further the predictability of monthly and seasonal averages.
Unit non-dimensional time in the Lorenz model corre-
sponds to about 10 days for the atmosphere (Palmer, 1993).
Thus, in our simulation with a time step of 0.01, ten time steps
correspond to one day. A typical cycle (fast timescale) in the
Lorenz model contains about 50 time steps in our simulation,
corresponding to about 5 days for the atmosphere. We found
that as temporal averaging is increased beyond the fast
timescale, the attractor splits into more regimes. This is anal-
ogous to the findings of Teng et al. (2004) that temporal aver-
aging duration affects the regime structure for timescales
longer than the intrinsic regime occupation timescale.
However, it should be noted that in our study, regime splitting
takes place for moving average timescales greater than the
fast timescale, which is about one-third of the average regime
residency time, but both studies demonstrate changes in the
regime structure of the dataset with the averaging timescale.
Our studies thus strengthen the significance of the forced
Lorenz model as a conceptual model of the atmosphere.
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Moving time averages may be used in place of time aver-
aging in climate diagnostic studies because it keeps the size
of the dataset almost the same while providing increased pre-
dictability. Meteorological data are typically the result of con-
tributions from processes taking place on several timescales.
Moving time averages suppress phenomena having time-
scales less than the averaging time. Therefore, the averaging
time should not exceed the timescale of the physical process
that is of interest. By choosing different averaging times, one
can explore the structure of the data on different timescales.

This can help to reveal physical processes that take place on
different timescales.
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